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Please watch this video before the lecture: 9

Today we will talk about

= 12.9 Taylor's Formula, Taylor Series, and Approximations


https://www.youtube.com/watch?v=1Yz6je5wpzg&

Brook Taylor

Brook Taylor (1685-1731). English mathematician.



Computing without a computer

You are asked to compute f(1.02,1.97) for f = /22 + y3 without
a computer. ®

You can approximate it with the linearisation of f(z,vy), i.e.,

£(1.02,1.97) ~ f(1,2) + %(1, 2)(1.02 — 1) + Zg(l, 2)(1.97 — 2)
— 2.94667.



Computing without a computer

You are asked to compute f(1.02,1.97) for f = /22 + y3 without
a computer. &

You can approximate it with the linearisation of f(z,vy), i.e.,
0 0
£(1.02,1.97) ~ f(1,2) + a—f(l, 2)(1.02—1) + —f(l, 2)(1.97 — 2)

% y
= 2.94667.

Questions: How good is this approximation? If we want to be
more precise, how can we do it?



Review: Taylor’'s formula for
one-variable



Taylor’s formula for one-variable

The Taylor polynomial of degree n for the function f(z) at x = a is

f'(a) f"(a)

1 5 (x—a)*+-+

Pp(x) = fla)+

(x—a)+




Taylor’s formula for one-variable

The Taylor polynomial of degree n for the function f(z) at x = a is

"(a "(a (n) a
pa(@) = f@+ 12 a1+ E D (g gy LD g
We have p,, (z) ~ f(x) near a because
_ _ f(n+1)(s> n+1
ra(z) = f(2) —py(2) = m(iﬂ —a)

for some number s between a and z — Taylor's Theorem (Thm.
4.12).



Example — /z

For f(x) = \/x, at the point z =1,

py(1.1) =1.05000000000000
po(1.1) =1.04875000000000

po(1.1) =1.04880884817101
£(1.1) =1.04880884817015



Example — /z

For f(x) = \/x, at the point z =1,

—
1+12'(—1+x)
1+;(—1+x)—18'(—1+x)2

— 1+12'(—1+x)—;'(—1+x)2+f;(—1+x)3

— 1 1 2, 1 3_ 5 4
1+2(_1+X)_8(_1+X) +16(—1+x) ~ s (-1+x)




Taylor’s formula for several variables



A bit notations

Let h = (hq,... h,,). For a function g(z,...,x,,), we define

1 n

_ _ 99 99 99
(h-V)g=h-Vg=(hy,..,h,) (axl’axz"“axn)

_, 99 9g 99

= Mgy Thag g
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For example, if g(x,y) = zy and h = (2,1), then
(h-V)g=h-Vg=(2,1)-(y,x) =2y + .



A bit notations

Let h = (hq,... h,,). For a function g(z,...,x,,), we define

1 n

_ _ 99 99 99
(h-V)g=h-Vg=(hy,...,h,) (axl’axz"“axn)

_, Oy dg dg

o h]_ 81‘1 + h2 8$2 + + hn axn

For example, if g(x,y) = zy and h = (2,1), then
(h-V)g=h-Vg=(2,1)-(y,x) =2y + .

Since (h - V)g is again a function of n variables, we can do this
repeatedly



Taylor’s formula for n variables

Given f: R" = R and a = (ay,...,a,),x = (z,...,2,), let
h=(hy,...,h,) =x—aand

F(t) = f(y(t)) = f(a+th).
where

y<t) =a+th = (alv 7an)+t(h’17 ) hrz) = (a1+th17 000 g aTL+tth)



Taylor’s formula for n variables

Given f: R" > R and a = (aq,...,a,),x = (T1,...,,), let
h=(hy,...,h,) =x—aand

F(t) = f(y(t)) = f(a+th).
where
y(t) = a+th = (aj, ..., a,)+t(hy, ..., h,) = (ay+thy, .., a,+th,)
Then by the chain rule
hl
F(t) = %f(Y(t)) =f'y@®)y' () = |fL(y®) ... f.(y(®)
=h-Vf(y@)) = (- V)i(y®)).

Note f, = ng the partial derivative of f with respect to z;.



Taylor’s formula for n variables

Let g(x) = (h- V) f(x). Taking derivative one more time, we get

P/ () = (0 V) fy8) = g0

(h-V)g(y(t)) = (h- V) f(y(1))



Taylor’s formula for n variables

Let g(x) = (h- V) f(x). Taking derivative one more time, we get

= (b V)f(y(5) = Soly(0)

T dt
= (h- V) g(y(t) = (h- V)" f(¥(¢))
Taking derivative 3 times, we get

F"(t) =(h- V)*f(y(t))

F// <t)



Taylor’s formula for n variables

Let g(x) = (h- V) f(x). Taking derivative one more time, we get

= (b V)f(y(5) = Soly(0)

T dt

= (h- V) g(y(t) = (h- V)" f(¥(¢))
Taking derivative 3 times, we get
F"(t) =(h-V)*f(y(t))

Taking derivative m times, we get

F// <t)

Fm(t) =(h- V)" f(y(t) = (b- V)™ f(a+th)
In particular

F™(0) = (8- V)" (=)



Taylor’s formula for n variables

Applying Taylor's Theorem for one variable functions to

f(x) = fla+h) = f(y(1)) = F(1),

we get, for some 6 € [0, 1],



Taylor’s formula for n variables

Applying Taylor's Theorem for one variable functions to

f(x) = fla+h) = f(y(1)) = F(1),

we get, for some 6 € [0, 1],

f(x)=F(1)
F/<O) F(m>(0> . F(m+1)(0>
= F(0) + 1 (1—-0)+--+ — (1—0)™ + TS
:f<a>+“"??f““>+~--+“l'i;!f<a>
(h- V)™ f(a+ 6h)
(m+1)!

= P (X) + 1, (%, 0).



Taylor’s formula for n variables

Applying Taylor's Theorem for one variable functions to

f(x) = fla+h) = f(y(1)) = F(1),

we get, for some 6 € [0, 1],

f(x)=F(1)
— F/<O) F(m>(0> . F(m+1)(0>
= F(0) + 1 (1—-0)+--+ — (1—0) _'_m
:f<a>+“"??f““>+~--+“l'i;!f<a>
(h- V)™ f(a+ 6h)
(m+1)!

= P (X) + 7 (%, 0).
The polynomial p,,(x) is called the m-th degree Taylor polynomial
of f(x) at a.



Taylor’s formula for n variables — Summary

Leth=x—a. Let (h-V)f=h-V/f.

Then,
o0 = o) + BDUE) | 0TS | (0TS
(h- V)™ f(a+ 0h)
(m+1)!

=Pm <X> + Tm(Xa 0)?

for some 6 € [0,1]. The polynomial p,,(x) is called the m-th
degree Taylor polynomial of f(x) at a.

10



Why do we need Taylor’s polynomials?

r,,(X,0) is usually much smaller than p,, (x) for large m, i.e.,
f(x) » pp(x).
This useful for approximating function that is hard to compute.

As shown in the picture, py(zq,2,) is a pretty good approximation for
f(zy,5) = /22 + 23 at (1,2). We will compute it shortly.

4

LA 3+x?
K pi(x1, X2)
K pa(x1, X2)

11




What are (h- V)™ f?

By definition,
(h ! V)f =h- (Vf> = (hlv ‘-~7hn) : (flan? fn)

=hfi+-+hfp,= Zhifi'
=1

12



What are (h- V)™ f?

By definition,
(h ! V)f =h- (Vf> = (hlv ‘-~7hn) : (flan? fn)

=hfi+-+hfp,= Zhifi'
=1

Then
(h-V)?2f=(h-V)) hf;=> hi(h-V)f
i=1 =1
=> h; > hifi;= hih; f;
1=1 9=l =il gl
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What are (h- V)™ f?

By definition,
(h ! V)f =h- (Vf> = (hlv 7hn) : (flan? 7fn)

=hfi+-+hfp,= Zhifi'
=1

Then
(h-V)2f=(h-V) .:Zhhv
=il
- hL thIJ:ZZh ft_]
i=1 =1 i=1 j=1

and similarly

(h-V)3f = Z hihihg fiie
i=1 j=1 k=1
Note Here f;; afiafw and f, = Wf@zk

12



Taylor polynomials for two variables

Let x = (z,,2,), a = (ay,a5) and h = (hy, h,) = x —a. Then for
f(zq,2z5), we have

2
(h-V)f = hif; = fihy + fohs,
=1

13



Taylor polynomials for two variables

Let x = (z,,2,), a = (ay,a5) and h = (hy, h,) = x —a. Then for
f(zq,2z5), we have

2
(h-V)f =) hif; = fihy + fohs,
o=l

and

[\V]

2

(h- QfZZEhzh fz]

=il g

s

Ji1hihy + forhohy + fighihg + fashohg
f11h3 + 2f19hhg + faoh3,

assuming that fy; and f;5 are continuous.

13



Taylor polynomials for two variables

Therefore, for two variable functions f(x;,z,),

pi(x) = f(a) + (h-V)f(a) = f(a) + fi(a)hy + fa(a)hy

which is just the tangent plane of f(x) at a.

14



Taylor polynomials for two variables

Therefore, for two variable functions f(x;,z,),

pi(x) = f(a) + (h-V)f(a) = f(a) + fi(a)hy + fa(a)hy

which is just the tangent plane of f(x) at a. And

pa(x) = f(@) + (- V) f(a) + 5 (h - V)2 (a)
= f(a) + fi(@)hy + fa(a)h,
+ % (f11(2)h3 + 2f15(a)hihy + foa(a)h3) .

where hy = 2, —a; and hy = x5 — as.

14



7 .3
Qustions: Find py(x,z4) for the function f(x,,xy) = /27 + 23
u : , v
at (1,2).

15



Qustions: Find py(z1, x5) for the function f(xy,zy) = /22 + 23
at (1,2).

For this question,

15



Qustions: Find py(z1, x5) for the function f(xy,zy) = /22 + 23
at (1,2).

For this question,

So f(a) = 3 and the partial derivatives are

15



Example — Solution

Putting these numbers into the formula, we get
p2(z1,29) = f(a) + fi(@)hy + fo(a)hy
1
+ 21 (fu(a)h% +2f15(a)hihy + f22(a)h§)

:3+%(m1—1)+2(a§2—2)
1(8 , 4 2 ,
+3 (gt — 1= 5@ = iy =) + 30, ~ 27)

This is a much better approximation for f(x,x,) than p,(z,,z5)
(the tangent plane) around (1,2). For example

p1(1.02,1.97) = 2.94666666666667

py(1.02,1.97) = 2.94715925925926

£(1.02,1.97) = 2.94716355162044
16



Which of the following is py(z, %) for f(z,y) = e**2¥ at (0,0)?
1. 14+2+2y+ (x2+4xy—|—4y2)
2. 14+z+2y+ 4 (22 + day + 4%)
3. 1+x+2y+%(m2+2xy+4y2)
4. 1+z+2y+ 5 (22 + 4oy + 20°)

17



Which of the following is py(z, %) for f(z,y) = e**2¥ at (0,0)?

1. 1+x+2y+(m2+4xy+4y2)

2. 14+z+2y+ 4 (22 + day + 4%)
3. 1+x+2y+%(m2+2xy+4y2)
4. 1+z+2y+ 5 (22 + 4oy + 20°)

Answer

1
Py, y) = 1+$+2y+§(962+4:vy+4y2)

17
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