Lecture 13
14.1 Double integral
14.2 Iterated integration
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Whatis 7T

The area of a circle of radius ris 7t

7T=3.1415926535897932385 ...

Zu Chongzhi (429-500 AD), Chinese mathematician. He calculated 7Tas between 3.1415926 and 3.1415927, a
record which held for 800 years.
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One way to compute 7t

The area under the curve (Y ERVEER @l between —1 and 1 s f

We can approximate it with boxes under the curve.

The narrower the boxes we use, the better the approximation we have.

n - . 15

2xApproximated Area=3.08457 = jT
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What is an integral?

We can approximate the area below a curve f(x) between a and b by the Riemann sum

D )b x

i=1

where x;_; < X7 < x;.

This becomes a better and better approximation when max(Ax;) decreases.

y A
4
y = f(x)
>
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What is an integral?

We define the integral of f(x) over the interval [a, b] as
n
f(x)dx=1lim » f(X,)A
[ > )8y
i=1
where the limit is taken as max(Ax;) » 0 and n = co.
This can be seen as the area under f(x) between x=a and x= b.

The fundamental theorem of calculus says if F'(x) = f(x), then

f f(x)d x = F(a) - F(b)
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The volume under a surface

The volume under a surface f(x, y) within a rectangle
D={(x,y):asx<hb,c<y<d}

can be approximated similarly by the Riemann sum

n n m n
sz()(*i,j: Vi) DA = sz(){/,p Vi) Ax Ay

i=1 j=1 i=1 j=1
YV a
d = yp R
mn
* ke L4
yn—l (‘mn’y n)
Yj
Yi—1 Ris
J— E
G vi)
V3
Y2
Ceibo¥12)
° 12°712
'yl * *
Rip *’(xz Y1)
c =)o ® O
X0 X1 X2 X3 Xi—1 Xi Xm—1 Xm
= d = b




lecture-13.nb | 7

¥ ¥
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z=f(x,y)
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What is a double integral?

We define the double integral of a bounded function f(x, y) in the rectangle D
m n
”Df(x, Y dA= lim ZZf(i,,j, y, )BA,
i=1 j=1
where the limit is taken when max(Ax;, Ay;) - 0.
Afunction is integrable if this limit exist regardless of how we divide D into boxes.

This can be seen as the volume under the surface f(x, y) within D.
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Example

Letf(x,y)=xandletD={(x,y):0<1<x, 0< y<1}. Whatis

jJ;f(x, VAA
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n |10 20|30/ 40|50

Approximated Volume=0.45
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Double integral over more general domains

If f(x, y) is defined on a bounded domain D and R is a rectangle containing R, then we extend f(x, y) to R be

defining

~ f(x if (x €

Fix, y) = (x5 y) ( ,3./)
0] Otherwise

y A

v

Then we define

ij(x, y)dA= jLAf(x, y)dA

Theorem

If f is continuous on a closed, bounded domain D whose boundary consists of finitely many curves of finite
length, then fis integrable on D.
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Properties of double integral

o ffo(x, y)d A=0if D has zero area.
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o Thetriangleinequality | [ [ f(x, y)dA| < [ [ If(x, y)| dA

e IfD=D; UD,,then

lelf(X,y)dA+jsz(x,y)dA=fo(X’y)dA
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e Iff(x, y) < g(x, y), then

jJ;f(X, y)dA< JJ;g(x, y)dA
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How to calculate double integral?

We can calculate a double integral by compute single integral twice. Let
A(x) = Jd fix, y)dy
C

which is the area of the slice at x.

3= Q(m&

Then

ij(x, y)dA= faA(x)dxz J:(Jdcf(x, y)cﬂy)cﬂx

We can also integrate with respect to x first, i.e.,

ij(x, y)dA= fc(faf(x, y)cﬂx)cﬂy



Example

IfD={(x,y):1< x<3, 2< y <4}, then

jJ;(x+x y)dA = f(f(x+x y)dy)dx
4

3 X y2
:[xy+—y1 dx
1 2 2

3
=I8xcﬂx=32
1
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Quiz
Compute the double integral

jocos(y)dA

forD={(x,y):2<x<8,0<y<7T/2}.
Hint: Compute the following

3
Ff xcos(y)dxdy
0J 2

Which is the correct answer?

0,



x-simple and y-simple area
Aregion D is y-simple if it can be described as
D={(x,y):asx<b, c(x)< y<d(x)}
Aregion D is x-simple if it can be described as
D={(x,y):a(y)S x<b(y), csy<d}

YV a
y =d(x)

y =c(x)

=v

a b

Figure 14.10 A y-simple domain
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Figure 14.11

An x-simple domain

=v
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Integrate over y-simple area

If Dis x-simple, then

jjf(x, y)dA:Jb(Jd(X) f(x, y)cﬂy)cﬂx
D a c( x)

Z
A




Integrate over x-simple area

If Dis x-simple, then

jff(x, y)dA= Jd(f(y) f(x, y)dx)dy
D c\J a(y)

Z
A

Y
e —
x =a(y)
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Example

Compute the integral

”nyd/A

when D is the blue triangle in the picture.

Yy
1.0
0.8}
0.6
0.4
0.2}
0.2 0.4 0.6 0.8 1.0
Solution
JI)X y dA = J: 1x ydy dx



Quiz

Compute the integral

”nyd/A

when D is the blue triangle in the picture.

y
1.0}

0.8
0.6
0.4

0.2
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0.5

Hint: Compute

1 2-y
jfxydA:jj xydxdy
D 0 Jy

Which one is the correct answer?

1.0

1.5

2.0



