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The calories in a cake

A cake occupies the domain K in 3-dimensional space. The density of calorie in the cake is given by the function

o(x, y, Z). How can we compute the total calories contained in the cake?
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What s a triple integral

We define triple integrals with a Riemann sums in a way similar to double integrals

J:’:Lf(& y, 2)dV= JJLf(X, y, 2)dxdydz

m n |
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where the limit is taken when max(Ax;, Ay;, Az,) - 0.
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Interpretations of triple integral

Integrating 1 over K gives

VolumeofK:JledV
K

Integrating the density p(x, y, z) gives

massofK:ijp(x,y, z)dV
K

The centre of mass of K is given by

| [
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Compute triple integral

Calculation of triple integrals can be done as iterated simple integrals.

Example Compute the triple integral over K in which1< x<2,-1< y<1,and 0 < z< 3 can be computed as

jJ’J:(f(X, y,2)dV= JZf_lflf(x, y, 2)dxdydz

Thus the volume of K is

3 2
j r jlcﬂxdycﬂz=6
0J -1J 1
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When integration domain is not a box
Let T be the tetrahedron shown in the picture. Compute / = fffo(x, y,2)dV

Z
A

1

z=1—x—y

T (x)

y=1—-x,z=0
x 1

Answer:

f”rf(x, y, 2)dV= fo(”T(X)ch/zol/y)cﬂx: rof:r:_yfcﬂzcﬂyd/x
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Quiz

We want to compute the following triple integral over K ={0< x<1,0< y<2,0< z< 3}

jfode

Compute the following iterated integral

12 (3
fffxycﬂzdlydlx
o Jo Jo
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Review: Cylindrical coordinates

To go from cylindrical coordinates to Cartesian coordinates, we use the equations

x=rcos(8), y=rsin(8), z= z

P =(x,y,2)

X

Figure 14.45  The cylindrical coordinates of a point



10 | lecture-16.nb

Integrate in cylindric coordinates

As shown in the picture, when we integrate in cylindric coordinates, we should replace d xd y d z by
rdrd 6 d z Thus

JJJ:(f(X’ y, 2)dxdydz= jjJ;f(rcos(Q),rs/n(e), rdrd6dz
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Example

Compute

ijf+f+fdxdydz

overKinwhich x> + y* <4,0<z<1

X
_4-2

Answer
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Review: Spherical coordinates

To go from spherical coordinates to Cartesian coordinates, we use

x=R sin(®) cos(6), y=R sin(@)sin(6), z= Rcos(P).

X

Figure 14.50  The spherical coordinates of a point
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Integrate in spherical coordinates

As shown in the picture, when we integrate in cylindric coordinates, we should replace d xd y d z by
R? sin(¢)dRd 8 d ¢. Thus

jJ’ff(x, y,2)dxdydz= jjjf(R sin( @) cos(B), R sin( @) sin(0), R cos(P)) R sin(d)dRAO d ¢
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Example

Compute

I L 2dxdydz

overKinwhich x> + y* + 22<4,0< 2

Answer

27T
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Quiz

Consider K enclosed between z= x* + y* and z=1.

Compute the integral

”J’sz/xd/ydz

Hint: In cylindrical coordinates, the integration domain is
T

Fz{(r, 6,2z): 0sz<1,0<0s —, OSrst}
2

So we only need to compute the following iterative integral
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ff fJ_zrdrdedz
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