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Please watch this video before the lecture: 19

Today we will talk about

= 15.3 Line Integrals
s 15.4 Line Integrals of Vector Fields


https://www.youtube.com/watch?v=WcPZRCJ8sXE

Line integrals



The problem

We are given a function f(x,y) and a smooth curve €. How can
we compute the area under f(z,y) along this curve C?




Review: The arc-length of a curve

Then the length of the curve € is approximately

;’Ari’.

Ati =1t; —ti—1

Ir= T‘(tl)

A curve with parametrization r(¢),t € [a, b]



Review: The arc-length of a curve

Then the length of the curve € is approximately

n
Z |Ar,|.
=1

Thus the length of the arc is defined as the

limzn: |Ar,| = limi
=1 i=1

where the limit is taken as max At; — 0.

b
At, :/ I’ (t)]dt

Ar,



Line integral

Similarly, the area under f along the curve is approximately

Z f(rD’Ari’
i=1




Line integral

Similarly, the area under f along the curve is approximately

Z f(r;-‘)’Ari’
i=1

Thus we define the line integral of f along € as
/fds =lim ) f(x})|Ar,]
e i=1
= tim 3> 105

/ Fe(®)le (1)dt,

as max At; — 0.



Interpretation of line integral

The line integral jéfds can be seen as the area under f along C.



Interpretation of line integral

The line integral jéfds can be seen as the area under f along C.

If f(r(t)) =1, then
/fds = /1d5 = the length of C.
e
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Interpretation of line integral

The line integral j&, fds can be seen as the area under f along C.

If f(r(t)) =1, then
/fds = /1d5 = the length of C.
e

e
If f(r(¢)) is the density of the curve, then

/fds = the mass of C.
e



Example — circle

Let € be the upper half of the unit circle. Show that

I:/yds:2
e




Example — circle

Let € be the upper half of the unit circle. Show that

I:/yd8:2
e

Solution: We can parametrize € by r(t) = (cos(t),sin(t)),0 <t <
m. Then
¥/ ()] = |(— sin(#), cos(£))| = 1

Thus
= r(t))r’(t)dt = cos(t) x 1dt = 2.
I/Of((t))(t)t/o (t) x 1dt = 2



Example — Straight line

Let € be the line from the origin to (2,1). Compute
= /(1:2 +y?)ds
c
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Example — Straight line

Let € be the line from the origin to (2,1). Compute
I= /(12 +y?)ds
c
Solution: We can parametrize € by r(t) = (2t,t),t € [0,1]. Then
v’ ()] = 1(2,1)] = V5
Thus

[ PNV P S
1_/0 flr()r (t)dt_/o (4% + 12)V/5dt = =



Line integrals of vector fields



What is work in physics?

In physics, the work done by a constant force F in moving an
object along a straight line d is the dot product W =F «d.

3 -

W =F-d=|F||d|cos(0)




What is work in physics?

In physics, the work done by a constant force F in moving an
object along a straight line d is the dot product W =F «d.
What if the force F' is not a constant and the move is along a curve?

Ed

-

Figure 15.1  The gravitational field of a point mass
located at Py



Work in a vector field

Along the smooth curve €, the work done by a vector field F' can
be approximated by

z”: F(r}) e Ar,.
=1

This is the line integral of F along C.



Work in a vector field

Along the smooth curve €, the work done by a vector field F' can

iF(r)

be approximated by

Thus we define

/F-dr = limZF(r;‘)-Ari
. :
—hmz< ZAt)

b
- / F(r(t)) o' (t)dt

This is the line integral of F along C.



15.4 Example 1

Let F(x,y) = (y*, 2zy). Compute the line integral

/F-dr
e

from (0,0) to (1,1) along the three curves shown in the picture.

(0,1) © (1,1

© (a) 22

Figure 15.9  Three paths from (0, 0) to ey



Line integrals of conservative vector fields

Let F' be a conservative vector field with potential function ¢. Let
C be a smooth curve starts at (z(,7,) and ends at (z,,y;). Then

/F odr = (z1,y1) — ¢(T0, Yo)
(64

11



Line integrals of conservative vector fields

Let F' be a conservative vector field with potential function ¢. Let
C be a smooth curve starts at (z(,7,) and ends at (z,,y;). Then

/F odr = (z1,y1) — ¢(T0, Yo)
(64

Proof Let r(t),t € [a,b] be a parametrization of €. Let
g(t) = p(x(t)). Then
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Line integrals of conservative vector fields

Let F' be a conservative vector field with potential function ¢. Let
C be a smooth curve starts at (z(,7,) and ends at (z,,y;). Then

/F odr = (z1,y1) — ¢(T0, Yo)
(64

Proof Let r(t),t € [a,b] be a parametrization of €. Let
g(t) = p(x(t)). Then

/F-dr
e

b

F(r(t)) o1/ (¢)dt
b
'(x(t)) o1’

¥

/
/

b
(t)dt = / g ()dt
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Line integrals of conservative vector fields

Let F' be a conservative vector field with potential function ¢. Let
C be a smooth curve starts at (z(,7,) and ends at (z,,y;). Then

/F odr = (z1,y1) — ¢(T0, Yo)
(64

Proof Let r(t),t € [a,b] be a parametrization of €. Let
g(t) = p(x(t)). Then
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Example — When the vector field is not conservative.

Let F(x,y) = (—y,z). Compute the line integral

/F-dr
e

from (1,0) to (0,1) along the two curves shown in the picture.

1.0—

0.8

0.6)

0.4]

0.2]

0.2 0.4 0.6 0.8 1.0
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Example — When the vector field is not conservative.

Let F(x,y) = (—y,z). Compute the line integral

/F-dr
e

from (1,0) to (0,1) along the two curves shown in the picture.

1.0F———
0.8
0.6 -

o 12

0.2]

0.2 0.4 0.6 0.8 1.0

Answer: 4/3 and 7/2.
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Possible exam problem

Consider the planar vector field

F(z,y) = 2z + 2y, 2z + 2y)

1. Find all potential functions of F.

2. Compute the integral fC,F o dr along any curve starts at (0,0)
and ends at (1,1).

13



Possible exam problem

Consider the planar vector field

F(z,y) = 2z + 2y, 2z + 2y)

1. Find all potential functions of F.

2. Compute the integral fC,F o dr along any curve starts at (0,0)
and ends at (1,1).

Answer:
1. o(z,y) =22+ 2zy+y2 + C;

2. o(1,1) — p(0,0) =4

13



15.4 Theorem 1

Let D be an open, connected domain, and let F' be a smooth
vector field on D. Then the following are equivalent:

1. F is conservative.

2. fCF o dr = 0 for any smooth, closed curve €.

3. All line integrals of F with the same start and end are
independent of the path.

14



Let F(x,y) = (ye®™¥, xe®).

1. Determine if F is conservative.

2. Compute the integral [, F «dr along:
a) r(t) = (tel,et™1), 0 <t < 1.
b) The line from (e, 1) to (0,e1).

(e)1)
1.0

0.8
0.6
0.4,
0.2

0.7

0.5 1.0 1.5 2.0 2.5
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