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Summary

Please watch this video before the lecture: 20

Today we will talk about

• 16.3 Green’s Theorem in the Plane
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https://www.youtube.com/watch?v=tN21Ff_6Jtk&


Green’s Theorem in the Plane –Theorem 6, 16.3

Let 𝐷 be a region with a boundary curve 𝒞 that is oriented
counter clockwise. Let F(𝑥, 𝑦) = (𝑃 ,𝑄) be a vector field. Then

∮
𝒞

F • dr = ∬
𝐷
(𝜕𝑄

𝜕𝑥 − 𝜕𝑃
𝜕𝑦 )d𝐴.

Note When F is conservative, both sides are 0.
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Examples

Let 𝒞 be the unit circle, counter-clockwise oriented, and
F(𝑥, 𝑦) = (𝑃 ,𝑄) = (−𝑦, 𝑥). Then by Green’s theorem

∮
𝒞

F • dr = ∬
𝐷
(𝜕𝑄

𝜕𝑥 − 𝜕𝑃
𝜕𝑦 )d𝐴 = ∬

𝐷
2d𝐴 = 2𝜋.
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Example

Let 𝒞 be the unit circle, counter-clockwise oriented, and
F(𝑥, 𝑦) = (𝑃 ,𝑄) = (𝑒𝑥𝑦, 𝑒𝑥𝑦). Then by Green’s theorem

∮
𝒞

F • dr = ∬
𝐷
(𝑦𝑒𝑥𝑦 − 𝑥𝑒𝑥𝑦)d𝐴 = 0
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Example

Let 𝐶 be counter-clockwise oriented boundary of the quarter-disk
𝐷 ∶ 0 ≤ 𝑥2 + 𝑦2 ≤ 1, 𝑥 ≥ 0, 𝑦 ≥ 0.

Let F(𝑥, 𝑦) = (𝑃 ,𝑄) = (𝑥 − 𝑦3, 𝑦3 + 𝑥3).
Then by Green’s theorem

∮
𝒞

F • dr = ∬
𝐷
3(𝑥2 − (−𝑦2))d𝐴 = 3

8𝜋
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Quiz

Let 𝒞 is the unit square, counter-clockwise oriented. Let
F(𝑥, 𝑦) = (𝑃 ,𝑄) = (𝑥2 − 𝑦2, 2𝑥𝑦). Then by Green’s theorem

∮
𝒞

F • dr = ∬
𝐷
(𝜕𝑄

𝜕𝑥 − 𝜕𝑃
𝜕𝑦 )d𝐴 = ??.
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Compute area with Green’s theorem

Let F(𝑥, 𝑦) = (𝑃 ,𝑄) = (−𝑦/2, 𝑥/2). Let 𝐷 be a domain and 𝒞 be
its boundary. Then by Green’s Theorem,

area of 𝐷 = ∬
𝐷
1d𝐴 = ∬

𝐷
(𝜕𝑄

𝜕𝑥 − 𝜕𝑃
𝜕𝑦 )d𝐴 = ∮

𝒞
F • dr.

7



Example

Let 𝒞 be the closed curve given by

r(𝑡) = (3 cos 𝑡 + 3 sin 𝑡, 2 sin 𝑡 − 2 cos 𝑡), 0 ≤ 𝑡 < 2𝜋.
Compute the area enclosed in 𝒞.

Answer: By Green’s Theorem, the area bounded by 𝒞 is given by

∮
𝒞

F • dr = 12𝜋

where F(𝑥, 𝑦) = (𝑃 ,𝑄) = (−𝑦/2, 𝑥/2).
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Quiz

Calculate the area of the area between 𝑦 = 𝑥2 and 𝑦 = 2 − 𝑥2 in
the interval −1 ≤ 𝑥 ≤ 1 using Green’s formula.
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Hint Then the area bounded by 𝒞 is given by

∮
𝒞

F • dr

where F(𝑥, 𝑦) = (𝑃 ,𝑄) = (−𝑦/2, 𝑥/2).
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The end!
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