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Fibonacci sequence

The Fibonacci sequence is defined by
f0)=0, f)=1, f)=fln—1)+f(n—2) (n>2).
First few terms are
0,1,1,2,3,5,8,13,21, 34, 55,89, 144, ...

It appears in nature quite often

21 (blue) and 13 (aqua) spirals



Fibonacci sequence — the ratio

The ratio of f(n+1)/f(n) seems to converges

1/1 = 1.0000000000 89/55 = 1.6181818182
2/1 =2.0000000000 144/89 = 1.6179775281
3/2 =1.5000000000 233/144 = 1.6180555556
5/3 = 1.6666666667 377/233 = 1.6180257511
8/5 = 1.6000000000 610/377 = 1.6180371353
13/8 = 1.6250000000 987/610 = 1.6180327869
21/13 = 1.6153846154 1597/987 = 1.6180344478
34/21 = 1.6190476190 2584/1597 = 1.6180338134

55/34 = 1.6176470588 4181/2584 = 1.6180340557
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Fibonacci sequence — the ratio

A closed form

1
n) = — n + n
f(n) NG (" +4m")
with
1 1—
0= _|_2\/5 ~ 1.6180339887, ¢ = 2\/5 ~ —0.6180339887.
So when n is large,
fn+1)
f(n)

How can we get formula like this? This is what we will learn.
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Ternary string — revisit

A ternary string of alphabet {@, . ,®} is good if there's no @
followed by @. Example

99O . @ - good
R X FFY X FR X BT

Then
t(n) =3t(n—1) —t(n—2).

Easy to check

tw=$@ﬁ+ac+ﬁ>+$@—wac_ﬂ>

2 2

How can we get this?



Lines and areas—Recursion

Let n be the number of lines and 7(n) be the number of regions.
Then
r(n)=n+r(n—1)



Linear Recurrence Equations
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A sequence (a,,,n > 0) satisfies a linear recurrence if
Colp ikt Cllp g 1 T Colp g o+ "+ Cply = g(n)a

where k > 1 is an integers, ¢y, ¢y, ..., ¢, are constants, with
¢y, ¢, 7 0, and g is a function.

The recursion is homogeneous if g(n) is always 0. Example
f(n+2)—f(n+1)— f(n) =0.
Otherwise it is nonhomogeneous. Example

r(n+1)—r(n)=n+1.
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Advancement operator

Let Af(n) = f(n+1) and APf(n) = f(n+p).

The recursion for Fibonacci sequence can be written as
A2f(n) — Af(n) — A°f(n) = 0.

Or simply
(A2—A-1)f=0.

The recurrence
cof(n+k)te f(n+k—1)+eof(n+k—2)++c,f(n) = g(n),
can be written as

p(A)f = (CoAk + ClAk71 + CzAk72 + + Ck)f = g
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The roots of p(A)

A root of p(A) is a number r such that p(r) = 0. E.g., the roots
of A2 —1areland —1.

p(A) has k non-zero roots rq,...,7, € C, i.e.,
p(A) = (A—71)(A=r)(A—73) ... (A—1p),

and ry #0,...,7r, #0.
Example
Let i =+—1. Then

A2 +1=(A-1%)?

true if restricted to real solutions!
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Properties of Advancement operator (1)

While
A2+ A—6=(A+3)(A-2),

we also have

(A+3)(A—=2)f(n) = (A+3)(f(n+1) —2f(n))
=(f(n+2)=2f(n+1)) +3(f(n+1) —2f(n))
=f(n+2)+ f(n+1)—6f(n)
= (A2 +A—6)f(n)

Fact If p(A) = q(A) as polynomial, then p(A)f = q(A)f.



Properties of Advancement operator (2)

Fact We have

p(A)(f1(n) + fo(n)) = p(A) f1(n) + p(A) fo(n)
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Properties of Advancement operator (2)

Fact We have

p(A)(f1(n) + fo(n)) = p(A) f1(n) + p(A) fo(n)

An example —

(A—=2)(f1(n) + fo(n))

= A(fi(n) + fo(n)) = 2(f1(n) + f2(n))

= (filn+ 1)+ fo(n+1)) = 2(f1(n) + f2(n))
= (A=2)fi(n) + (A=2)f5(n)

10



What if ¢, =

We assume that ¢;, # 0, in the linear recurrence

Colntk + C10n4+k—1 + Collpy—2 Tt Crply = g(”)a
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Example

p(A) = A5 —3A4° + 5A4% = (A* — 343 + 5) A%

(A% — 343 +5)h*(n) = g(n)
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What if ¢, = 0?

We assume that ¢;, # 0, in the linear recurrence
Colpyg T C1lp g1+ Coly g o+ + Cply = g(”)a

because can always translate it to ¢;, # 0.

Example
p(A) = A5 —3A4° + 5A4% = (A* — 343 + 5) A%
(A% — 343 +5)h*(n) = g(n)
then

(A* —3A3 +5)A%h*(n —2) = g(n)

11



What if ¢, = 0?

We assume that ¢;, # 0, in the linear recurrence

Colpyg T C1lp g1+ Coly g o+ + Cply = g(”)a
because can always translate it to ¢;, # 0.
Example

p(A) = A5 —3A4° + 5A4% = (A* — 343 + 5) A%

(A% — 343 +5)h*(n) = g(n)

then
(A* —3A3 +5)A%h*(n —2) = g(n)

So the solution for p(A)h = g is h(n) = h*(n — 2).

11



Solving advancement operator
equations — homogeneous




A trivial example

Find all solutions for

(A—2)f(n) =0
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A trivial example

Find all solutions for

(A=2)f(n) =0

Obviously f,(n) = 2" is a solution
(A _ 2)2n — A(zn) 2% 2N = 2n+1 o 2n+1 =0.

So ¢,2™ for some constant c; is also a solution.
Easy to check c¢;2" are all the solutions.

Quiz What is the solution for

(A+3)f(n) =0

12



First example

Example 9.9 — Find all solutions for

P(A)f = (A2 4+ A—6)f = (A+3)(A—2)f =0
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Example 9.9 — Find all solutions for
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First example

Example 9.9 — Find all solutions for

P(A)f = (A2 4+ A—6)f = (A+3)(A—2)f =0

If (A—2)f; =0 then (A+3)(A—2)f; =0.

For example, f;(n) = 2",

P(A)2" = 2742 L 97Fl _ 6 % 2" = 27(4 4+ 2—6) =0

13



First example

Example 9.9 — Find all solutions for

P(A)f = (A2 4+ A—6)f = (A+3)(A—2)f =0

If (A—2)f; =0 then (A+3)(A—2)f; =0.
For example, f;(n) = 2",
p(A)2" = nt2 L ontl _ g x 27 = 2"(4+2—-6)=0

All ¢,2™ are also solutions.

13



First example

Example 9.9 — Find all solutions for
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First example

Example 9.9 — Find all solutions for

P(A)f=(A2+A—6)f=(A-2)(A+3)f=0

If (A+3)f, =0 then (A—2)(A+3)f, =0.

n

For example, fy(n) = (—3)",

P(A)(=3)" = (=3)""2 + (=3)"!1 — 6 x (=3)"
(—3)"(9—3—6) =0
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First example

Example 9.9 — Find all solutions for

P(A)f=(A2+A—6)f=(A-2)(A+3)f=0

If (A+3)f, =0 then (A—2)(A+3)f, =0.

n

For example, fy(n) = (—3)",

P(A)(=3)" = (=3)""2 + (=3)"!1 — 6 x (=3)"
(—3)"(9—3—6) =0

All ¢5(—3)™ are also solutions.

14



First example

Example 9.9 — Find all solutions for
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Example 9.9 — Find all solutions for

P(A)f=(A2+A—6)f=(A+3)(A-2)f=0

Together ¢;2" 4 ¢4(—3)™ are also solutions, since

p(A)(f1(n) + fo(n)) = p(A) f1(n) + p(A) fo(n)

Fact ¢,2™ + ¢5(—3)™ are all the solutions.
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First example

Example 9.9 — Find all solutions for

P(A)f=(A2+A—6)f=(A+3)(A-2)f=0

Together ¢,2™ + ¢,(—3)™ are also solutions, since
g 1 2

p(A)(f1(n) + fo(n)) = p(A) f1(n) + p(A) fo(n)

Fact ¢,2™ + ¢5(—3)™ are all the solutions.
Fact If p(A) is of degree k, then the general solution for
p(A)f = g has k parameters.

15



Example — Ternary strings

The linear recursion for ternary strings is

ttn+2)—3t(n+1)+tn)=0
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Example — Ternary strings

The linear recursion for ternary strings is
ttn+2)—3t(n+1)+tn)=0

In other words
(A2 —3A+ 1)t =0.
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Example — Ternary strings

The linear recursion for ternary strings is
ttn+2)—3t(n+1)+tn)=0

In other words
(A2 —3A+ 1)t =0.

Since

oo (57)) (- (7))
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Example — Ternary strings

The linear recursion for ternary strings is
ttn+2)—3t(n+1)+tn)=0

In other words
(A2 —3A+ 1)t =0.

Since

o (o (57)) (- (457))

all the solutions are like

t(n) = ¢ (3""2‘/5) te, (3—2\/5)

16



Example — Ternary strings

Since t(0) =1 and ¢(1) = 3,

t(n) =¢ (3+2\/5) +cy (3_2\/5)
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Example — Ternary strings

Since t(0) =1 and ¢(1) = 3,

t(n) =¢ (3+2\/5) +cy (3_2\/5)

implies that

3+ V5 33—V
CI+C2:1, Cl( 2f)+62< 2f)23

Solving this

o= (3V5+5), =15 (5-3V5)

17



Example — Ternary strings

Since t(0) =1 and ¢(1) = 3,

t(n) =¢ (3+2\/5) +cy (3_2\/5)

implies that
¢ +cy =1, Cy (3+2\/5) + ¢y (3_2\/5) =
Solving this
o= (3V5+5), =15 (5-3V5)
and

t(n) = % (3v5+5) (32\/5) +1—10 (5—3V5) (3_2\/5)

17



The distinct roots case

Theorem 9.21

Assume that for disintct 7,7y, ... 7,
p(A) = (A=r)(A=ry) .. (A—1y).
Then every solution of p(A)f = 0 has the form

fn) = 7% + corh + - + T}

18



Example — Repeated roots

What is the solution for

(A—2)2f=0

19
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Example — Repeated roots

What is the solution for
(A—2)2f=0

¢;2" is a solution, but cannot be all of them.
What about ¢yn2™7

(A —2)2(con2™) = (A —2)(cy(n + 1)27FL — 2¢,n2")
= (A —2)(c,2™*)

= @A = A =)
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Example — Repeated roots

What is the solution for
(A—2)2f=0

¢;2" is a solution, but cannot be all of them.
What about ¢yn2™7

(A —2)2(con2™) = (A —2)(cy(n + 1)27FL — 2¢,n2")
= (A —2)(c,2™*)

= @A = A =)
So the general solution is

f(n) = ¢ 2™ + cyn2™

19



Example — Repeated roots

What is the solution for

(A+5)(A-1)3f=0
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Example — Repeated roots

What is the solution for
(A+5)(A-1)3f=0

Obviously ¢;(—5)™ is a solution.
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Example — Repeated roots
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solutions.
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Example — Repeated roots

What is the solution for
(A+5)(A-1)3f=0

Obviously ¢;(—5)™ is a solution.
By the previous example, ¢,1" = ¢, and ¢c3nl"™ = cqn are also
solutions.

Quiz Can you guess another form of solution? Answer c,n?.
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Example — Repeated roots

What is the solution for
(A+5)(A-1)3f=0

Obviously ¢;(—5)™ is a solution.

By the previous example, ¢,1" = ¢, and ¢c3nl"™ = cqn are also
solutions.

Quiz Can you guess another form of solution? Answer ¢,n?. So

the general solution is

f(n) = c1(=5)" + c5 + egn + ey,

20



Repated roots

Lemma 9.22
Let £ > 1. Then general soltuion of

(A—r)ff=0
has the form

f(n) = c;m™ + conr™ + - + cnk e

21



Solving advancement operator
equations — nonhomogeneous




Example — Nonhomogenous

Problem

What is the general solution for

P(A)f = (A+2)(A—6)f =3
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Example — Nonhomogenous

Problem

What is the general solution for

P(A)f = (A+2)(A—6)f =3

What is the solution for the homogeneous version
p(A)f =(A+2)(A-6)f=0

Answer
f1(n) = ¢ (—=2)" 4 cy6™.

If p(A)fy = 3", then p(A)(f; + f5) = 3™

22



Example — Nonhomogenous

Problem

What is the general solution for

P(A)f = (A+2)(A—6)f =3

What is the solution for the homogeneous version
p(A)f =(A+2)(A-6)f=0

Answer
f1(n) = ¢ (—=2)" 4 cy6™.

If p(A)fy = 3", then p(A)(f; + f2) = 3"
It is enough to find one particular solution f,!

22



Example — Nonhomogenous — Finding a particular solution

Problem

Can you find any solution for

P(A)f = (A+2)(A—6)f =3
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Unfortunately, no general method is known. Best guess, something
like the RHS. E.g., d3™. Easy to check that
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Example — Nonhomogenous — Finding a particular solution

Problem

Can you find any solution for

P(A)f = (A+2)(A—6)f =3

Unfortunately, no general method is known. Best guess, something
like the RHS. E.g., d3™. Easy to check that

p(A)d3n = —5d3n+1

If d = —1—15, then this is solution

1
And the general solution is
1
f(n) = fi(n) + fo(n) = ¢ (=2)" + 6™ — 3"

15 23



Nonhomogenous — Recipe

We want to solve problems like

p(A)f =g
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We want to solve problems like

p(A)f =g

First we find the general solution f; for
p(A)f =0

Second we find (any) one solution (by guessing) f, for

p(A)f =g.
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Nonhomogenous — Recipe

We want to solve problems like

p(A)f =g

First we find the general solution f; for
p(A)f =0

Second we find (any) one solution (by guessing) f, for

p(A)f =g.

Then the general solution is
f(n) = fi(n) + fa(n)

24



Example — Lines and areas

Problem

What is the general solution for

r(n+1)—r(n)=n+1 — (A—Dr=n+1

The general solution for homogeneous version is f;(n) = ¢;.
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Example — Lines and areas

Problem

What is the general solution for

r(n+1)—r(n)=n+1 — (A—Dr=n+1

The general solution for homogeneous version is f;(n) = ¢;.
First guess of a particular solution is d;n + d5. But this won't work.
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Example — Lines and areas

Problem

What is the general solution for
rin+1)—r(n)=n+1 “— (A-1)r=n+1
The general solution for homogeneous version is f;(n) = ¢;.

First guess of a particular solution is d;n + d5. But this won't work.
Second guess is d;n? + dyn. Turned out

(A —1)(dyn? + dyn) = 2dyn + d; + d.
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Example — Lines and areas

Problem

What is the general solution for

r(n+1)—r(n)=n+1 — (A—Dr=n+1

The general solution for homogeneous version is f;(n) = ¢;.
First guess of a particular solution is d;n + d5. But this won't work.
Second guess is d;n? + dyn. Turned out

(A —1)(dyn? + dyn) = 2dyn + d; + d.

So fy(n) =n?/2+n/2 is a solution.
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Example — Lines and areas

Problem

What is the general solution for

r(n+1)—r(n)=n+1 — (A—Dr=n+1

The general solution for homogeneous version is f;(n) = ¢;.
First guess of a particular solution is d;n + d5. But this won't work.
Second guess is d;n? + dyn. Turned out

(A —1)(dyn? + dyn) = 2dyn + d; + d.
So fo(n) =n?/2+n/2 is a solution. And the general solution is

n%+n

f(n) = fi(n) + fo(n) = c; + 5
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Using generating functions to solve
recurrences



Example 9.24

We want to solve the linear recurrence
T, + T, —6r, =0,

with ry =1 and r; = 3.
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Example 9.24

We want to solve the linear recurrence
T, + T, —6r, =0,

with ry =1 and r; = 3.

In terms of advancement operator, this is to solve

(A2+A—6)r=(A-2)(A+3)r=0.
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Example 9.24

We want to solve the linear recurrence
T, + T, —6r, =0,

with ry =1 and r; = 3.

In terms of advancement operator, this is to solve
(A2+A—6)r=(A-2)(A+3)r=0.

Quiz What is the general solution?
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Example 9.24

We want to solve the linear recurrence
T, + T, —6r, =0,

with ry =1 and r; = 3.

In terms of advancement operator, this is to solve
(A2+A—6)r=(A-2)(A+3)r=0.
Quiz What is the general solution?

12" 4 cy(—3)"
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Example 9.24 — with GF

We want to solve the linear recurrence
T, + 1,1 —6r, 5=0,

with ryp =1 and r; = 3.
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Example 9.24 — with GF

We want to solve the linear recurrence
T, + 1,1 —6r, 5=0,

with ryp =1 and r; = 3.

The GF for (r,,,n >0)is f(x) =)

z", and

n>0 T'n
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Example 9.24 — with GF

We want to solve the linear recurrence
T, + 1,1 —6r, 5=0,

with ryp =1 and r; = 3.

The GF for (r,,,n >0)is f(x) =)

n

z", and

n>0 T'n

f(SC) =ry+nrr+ 7“2302 + ...
zf(x) =0+ roz+rz?+ryzd + ...
—622f(z) =0+ 0 — 6rygz? — 6r 23 — 6rozt + ...
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Example 9.24 — with GF

We want to solve the linear recurrence
T, + 1,1 —6r, 5=0,

with ryp =1 and r; = 3.

The GF for (r,,,n >0)is f(x) =)

n

z", and

n>0 T'n

f(SC) =ry+nrr+ 7“2302 + ...
zf(x) =0+ roz+rz?+ryzd + ...
—622f(z) =0+ 0 — 6rygz? — 6r 23 — 6rozt + ...

Summing over the three equations, we have

(1+x—622)f(z) =1+4z
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Example 9.24 — with GF

Therefore

144z 144z

T 14z—622 (1—2z)(1+4 3z)

f(z)
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Example 9.24 — with GF

Therefore

144z 144z

fz) = T s (1 —2x)(1+4 3x)

We can always turn this into partial sums

6 1 1 "
f(x)_51—2w_51+31 722'% _72_3@

n>0
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Example 9.24 — with GF

Therefore

144z 144z

fz) = T s (1 —2x)(1+4 3x)

We can always turn this into partial sums

6 1 1 "
f(x)_51—2w_51+31 722'% _72_3@

n>0

6 1

r, = [2"]f(z) = 52— 3(_3)71.
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Example 9.25 — Nonhomogenous case

We want to solve the linear recurrence
- n
Ty —Tp_1 — 2Tp_o = 27,

n

with 1y =2 and r; = 1.

29



Example 9.25 — Nonhomogenous case

We want to solve the linear recurrence
- n
T'n __Tnfl'_'anAQ =2 )

with 1y =2 and r; = 1.

Summing over n > 2,

g P8 = E Ty 1T —2 E Tp_oZ" = E 2"

n>2 n>2 n>2 n>2
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Example 9.25 — Nonhomogenous case

We want to solve the linear recurrence
- n
T'n __Tnfl'_'anAQ =2 )

with 1y =2 and r; = 1.

Summing over n > 2,

g P8 = E Ty 1T —2 E Tp_oZ" = E 2"

n>2 n>2 n>2 n>2

Let R(x) = > _,7,2" then
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Example 9.25 — Nonhomogenous case

We want to solve the linear recurrence

__9n
Tn __Tnfl'_'anAQ =2 )

with 1y =2 and r; = 1.

Summing over n > 2,
Z P8 = Z Ty 1T —2 Z Tp_oZ" = Z 2 Pqg
n>2 n>2 n>2 n>2
— n
Let R(z) =3, . na", then
1

R(z) — (2 + ) — (zR(z) — 2x) — 222 R(x) = —

— (14 2x)
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Example 9.25 — Nonhomogenous case

We want to solve the linear recurrence
- n
T'n __Tnfl'_'anAQ =2 )
with 1y =2 and r; = 1.

Summing over n > 2,

Z P8 = Z Ty 1T —2 Z Tp_oZ" = Z 2 Pqg
n>2 n>2 n>2 n>2

Let R(x) = > _,7,2" then

1

R(z) — (2 + ) — (zR(z) — 2x) — 222 R(x) = —

— (14 2x)
In other words

622 —5x + 2
(1—2z)(1—2z)(1+=x)

R(x) =
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Example 9.25 — Nonhomogenous case

Again, we can turn

622 —5x + 2

B = a7 0

into partial fractions

1 9 13
B =520 " 3a—202 T o1+ o)
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Example 9.25 — Nonhomogenous case

Again, we can turn

622 —5x + 2

B = a7 0

into partial fractions

1 9 13
B =520 " 3a—202 T o1+ o)

Quiz How can we get
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Example 9.25 — Nonhomogenous case

Again, we can turn

622 —5x + 2

B = a7 0

into partial fractions

1 9 13
B =520 " 3a—202 T o1+ o)

Quiz How can we get
1

=y

By Newton's binomial theorem

<1_12w>2 -y (_nz) (—22)" = 3"(n + 1)(22)"

n>0 n>0
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Example 9.25 — Nonhomogenous case

Therefore

1 2 13
B = =50 —om) T 30— 202 T o 1)
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Example 9.25 — Nonhomogenous case

Therefore

1 2 13
B = =50 —om) T 30— 202 T o 1)

implies that
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Example 9.25 — Nonhomogenous case

Therefore

1 2 13
B = =50 —om) T 30— 202 T o 1)

implies that

and
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Pros and cons

Benefit of using GF — no need to guess a solution.

Disadvantage of using GF — often need to convert to partial

fraction.

Use whatever method you want unless the problem specifically

asks.
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Appendix




Self-study guide (for people who missed the class)

= \Watch online video lectures here.
= Read textbook chapter 9.1-9.4, 9.6

= Try exercises in textbook 9.9 (some solutions here)
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http://pwp.gatech.edu/math3012openresources/lecture-videos/lecture-20/
https://people.math.gatech.edu/~trotter/math-3012/chapter9-solutions.pdf
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