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Probability space

A (S, P) is called a probability space where S is a set and P is
function from all subsets of S to [0, 1], and

= P(@)=0, P(S)=1.
» If A, BC S and AN B =0, then P(AUB) = P(A) + P(B).
The elements of S are called outcomes.

The subsets of S are called events.

For E C S, P(FE) is the probability of F.



Example — spinner

Spinner

For the spinner, we can take S = {1,2,3,4,5}, with
P(1)=P3)=P(4) =1/8,P(2) =2/8=1/4 and P(5) = 3/8.
So P({2,3})=1/8+2/8 =3/8.




Example — die

A six sided die
We can take S ={1,2,3,4,5,6} with P(i) =1/6 for all i € S.
So P({2,4}) =".
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Example — a pair of dies

Let's throw two dice.

If we only care the sum of the dots on the top faces, we can take
S ={2,3,...,12} with

P(2) = P(12) = 1/36, P(3) = P(11) = 2/36,
P(4) = P(10) = 3/36, P(5) = P(9) = 4/36,
P(6) = P(8) = 5/36, P(7) = 6/36

How do we get P(9)?

= Among 6 x 6 = 36 combinations of the two dice,
= four (3,6),(4,5),(5,4),(6,3) add up to 9.
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A box contains twenty fruits, of which six are ®. nine are ~ and
the remaining five are ®.

Three of the twenty fruits are selected uniformly at random.
Let S =1{0,1,2,3,4,5} be the outcomes.

For i € S, let P(i) denote the probability that the number of
among the three selected fruits is i.

Answer

for i =0,1,2,3, while P(4) = P(5) = 0.
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Example — Full house

A player receives five cards from a standard deck of 52 cards—four
suits.

A player has a full house if there are x and y for which he has three
of the four x and two of the four y.

Example: 3do 3@ 3¢ 6db 69, Kédb KB K@ Jdb J@®, etc.

The probability of a full house is

13 x 12 x (3) x (3)

@
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Example — the hat problem

Each of 40 students throws a hat into the sky and catches one hat

uniformly at random.
The possible outcomes are the 40! permutations of [40].

Quiz What is the probability that every student get his/her own
hat back?

Quiz What is the first two student get his/her own hat back?
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Example — Fruits in a box

A box contains twenty fruits, of which six are @, nineare ~ and
the remaining five are @.

Two of the twenty fruits are selected uniformly at random.
Quiz What is the probability that the first fruit is @7 6/20.

What is the probability that the first fruit is @ if we already know
the second fruit is .= ?
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Conditional probability

Let (S, P) be a probability space. Let B be an event such that
P(B) > 0.

The probability of A given B, denoted by P(A|B) is

P(AN B)
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Example — Fruits in a box

A box contains twenty fruits, of which six are @, nineare ~ and
the remaining five are @.

Two of the twenty fruits are selected uniformly at random.

What is the probability that the first fruit is @ if we already know
the second fruit is .. 7 In the previous example,

s A is the first fruit is @.
= B is the second fruit is . .
= AN B is that the two fruits are (@, .. ).

Quiz What is P(B)? What is P(AN B)? 9/20 and 52%¢

20x19"
” pp) = PADD) _mds _ 6 6 _ pp
- P(B) X 1972
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Example — Two boxes of fruits

Box 1 contains 6 @, 9 -, 5®. Box 2 contains 9 @, 5 ,4 .

First choose one box uniformly at random. Then choose two fruits

from this box uniformly at random.
What is it the probability that both are ®?

We define some events: GG both fruits are orange. .J; box 1 is
chosen. J, box 2 is chosen.
Quiz What is P(G|J;) and what is P(G|J,)? (5)/(%) and
(2)/(3)- So

P(G)=P(GNJ)+ P(GNJy)

N
N Ot
=
X
[\
=

N =
E
=]
+
N | =

= P(G|J,)P(J}) + P(G|Jy)P(Jy) =

~~
[\
~—
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Independent Events

Two events A and B are if PCLANB) = P(A)P(B).

If P(B) # 0, then A and B are independent if and only if
P(A) = P(A|B).

Other wise two events are call

A pair of dice

A pair of dice are rolled, one red and one blue. Let A be the
event that the red die shows either a 3 or a 5, and let B be the
event that both red die and the blue die show the same number.
Then P(A) =2/6, P(B) =6/36, and P(AN B) =2/36. So A
and B are independent.

14
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First choose one box uniformly at random. Then choose one fruit

from this box uniformly at random.

Define events: A — the second box is chosen. B — the chosen fruit

. =
IS

Quiz What is P(AN B) and P(B)?
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Example — Two boxes of fruits

Box 1 contains 6 @, 9 -, 5®. Box 2 contains 9 @, 5 ,4 .

First choose one box uniformly at random. Then choose one fruit

from this box uniformly at random.

Define events: A — the second box is chosen. B — the chosen fruit
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Example — Two boxes of fruits

Box 1 contains 6 @, 9 -, 5®. Box 2 contains 9 @, 5 ,4 .

First choose one box uniformly at random. Then choose one fruit

from this box uniformly at random.

Define events: A — the second box is chosen. B — the chosen fruit

. =
IS

P(A)=1/2, P(B)=42 +14 PANB) =14
So P(ANB) #+ P(A)P(B), i.e., A and B are dependent.

15



Example — Rolling two dice

Consider a game in which you roll two dice, and you win if the
total is 7 and you lose if the total is 2,3. You keep rolling until one
of these totals occurs. Is this a fair game?
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Consider a game in which you roll two dice, and you win if the
total is 7 and you lose if the total is 2,3. You keep rolling until one
of these totals occurs. Is this a fair game?

Let B be the even that the sum is in {2,3,7}. Then

1 2 6 9

P(B) = P(2) + P(3) + P(T) = e + oo + 5= = o
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Example — Rolling two dice

Consider a game in which you roll two dice, and you win if the
total is 7 and you lose if the total is 2,3. You keep rolling until one
of these totals occurs. Is this a fair game?

Let B be the even that the sum is in {2,3,7}. Then

1 2 6 9
PB)=P2)+ PB)+ PN =—=+—=+—==—=

Let A be the event that the sum is in 7. Then P(A4) = 2.
So the probability of wining is

_ P(ANB) _P(4) 6/36 2
PAIB) = —pE) = P(B) ~9/36 3
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Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

17



Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

What is the probability that you get exactly one ace (event A)?

17



Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

What is the probability that you get exactly one ace (event A)?

17



Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

What is the probability that you get exactly one ace (event A)?

What is the probability that you get exactly two kings (event B)?

17



Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

What is the probability that you get exactly one ace (event A)?

17



Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

18



Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

What is the probability that you get exactly two kings and one ace
(event AN B)?

18



Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

What is the probability that you get exactly two kings and one ace
(event AN B)?

P(AmB):M

18



Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

What is the probability that you get exactly two kings and one ace
(event AN B)?

GGG
P(ANB) = -2 <é2> 2
4
What is the probability that you get exactly one ace (event AN B)
given that you get exactly two kings?
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Example — Two kings and one ace

You are dealt with a hand of 5 card from a normal shuffled pack of
52 cards.

What is the probability that you get exactly two kings and one ace
(event AN B)? e
_ OG)
P(ANB) = (542>
What is the probability that you get exactly one ace (event AN B)
given that you get exactly two kings?

w 4\ 144 473
P(AIB) = P(AN B)/P(B) =~ = (1<)4(8§> AT
& ’
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Appendix




Self-study guide (for people who missed the class)

= \Watch online video lectures 1-5 here.

= Read textbook chapter 10.1-10.2

19


http://pwp.gatech.edu/math3012openresources/lecture-videos/lecture-26/
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